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1. INTRODUCTION 



HOM-LIE SUPERALGEBRA STRUCTURES ON 
FINITE-DIMENSIONAL SIMPLE LIE SUPERALGEBRAS 

BINTAO CAO AND LI LUO 
O 

<N 

Abstract. Hom-Lic superalgebras, which can be considered as a deformation 
jrt , of Lie superalgebras. are ^2-graded generalization of Hom-Lie algebras. In this 

paper, we prove that there is only the trivial Hom-Lie superalgebra structure 
over a finite-dimensional simple Lie superalgebra. 

in ' 

< 

The notion of Hom-Lie algebras was introduced by Hartwig, Larsson and Sil- 
i-^ . verstrov [TU]. Part of the reason is to study the g-deformations of the Witt and 

the Virasoro algebras. In fact, the works [2j [9j [13] have already given the early 

forerunner of Hom-Lie algebras, which also studied the (/-deformations of the Witt 

and the Virasoro algebras. We refer to [H [5J |B] for the other pioneering works of 

1 , this field. 

►>. ' Because of close relation to discrete and deformed vector fields and differential 

\^2 • calculus, Hom-Lie algebras have recently drawn considerable attention in [3l [TTJ 

[H OH [13 [HI [19j [21]. In particular, Jin and Li [11] proved that such an algebra 

structure over a finite-dimensional simple Lie algebra is equivalent to the trivial 

one. They also determined the isomorphic classes of nontrivial Hom-Lie algebra 

C*~) . structures over finite-dimensional semi-simple Lie algebras. 

Recently, Hom-Lie algebras were generalized to Hom-Lie superalgebras by Am- 
mar and Makhlouf |T] and to Hom-Lie color algebras by Yuan 20 . 



Definition 1.1. A Hom-Lie superalgebra is a triple (g, [—,—], a) consisting of a 
Z 2 -graded vector space q, a bilinear map [— , — ] : q x g — > q and an even linear map 
a : rj — » g satisfying 

(1.1) a[x, y] = [a(x),a(y)j (multiplicativity) , 

(1.2) [x, y] = — (— l)' x " J/ '[y,a;] (graded skew-symmetry) 
and 

(1.3) (-ljWI'VOr), [y,z]] + (-l)^[a(y), [z,x]] + (-lp^[a{z), {x,y}] = 

(graded Hom-Jacobi identity, or call graded cr-twisted Jacobi identity), 
where x, y and z are homogeneous elements in q. 
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Definition 1.2. For any Lie superalgebra g, denote its Lie bracket by [— , — ] and 
take an even linear map a : g — >• g. We say (g, a) is a Horn-Lie superalgebra structure 
over the Lie superalgebra g if (g, [— , — ], a) is a Horn-Lie superalgebra. 

It is clear that the Horn-Lie superalgebra (g, [— , — ],id) is the Lie superalgebra 
g itself. We call (g,id) the trivial Horn-Lie superalgebra structure of g. If (g,<r) 
is a Horn-Lie superalgebra structure on the Lie superalgebra g, then a has to be 
a homomorphism of g because of the multiplicativity (2.1). For any simple Lie 
superalgebra g, a homomorphism a : g — > g is either an automorphism or a = 0. 
If a = 0, then the Horn-Lie superalgebra (g, a) is too simple to say anything since 
the graded Hom-Jacobi identity (2.3) means nothing but "0 = 0". Therefore, we 
always suppose that a is an automorphism of g in the sequel. 

See [TT] for the definition of Horn-Lie algebra structures over a Lie algebra. We 
point out that they made a slight change for the definition of Horn-Lie algebras so 
that in their case both (g,id) and (g,0) are the Lie algebra g itself. 

Influencing by the work [TT] , it is nature to consider whether there exist nontrivial 
Horn-Lie super algebra structures over finite-dimensional simple Lie superalgebras. 
The main result of this present work is as follows. 

Main Theorem: The Horn-Lie superalgebra structures on a finite-dimensional 
simple Lie superalgebra g are trivial. That is, if (g, a) is a Horn-Lie superalgebra 
then a = id. 

It is well known that there are two families of finite-dimensional Lie superalge- 
bras. One is called classical Lie superalgebras and the other is called Cartan-type 
Lie superalgebras. For the classical ones g = gg © fli, we first restrict the Horn-Lie 
superalgebra structure (g, a) to the even part gg so that we can use the result in [11] 
to get that cr| go = id, and then combine the description of the automorphisms for 
classical Lie superalgebras (c.f. (TSJ [8]) to check that a = id case by case. For the 
Cartan-type ones, we first show that the isomorphism must be identity on the sub- 
space g_i (J) go, via the transitivity of W(n), S(n) or H(n). Then the conclusion 
is obtained by the nontriviality and the irreducibility of g_i as a go-module. 

The paper is organized as follows. In section 2, we recall the definition of Horn-Lie 
superalgebras and list some endomorphisms of gl(m\n), which are used to describe 
the automorphism groups for classical simple Lie superalgebras. We also list some 
properties of Cartan type Lie superalgebras, which will be used to prove the main 
theorem for these type cases in Section 4. Section 3 is devoted to the proof of the 
main theorem for classical Lie superalgebras while Section 4 is devoted to those for 
Cartan-type Lie superalgebras. 

Throughout this paper, the basic field is assumed to be the complex number 
field C. The symbol Z2 = {0, 1} will stand for the group of two elements. When \x\ 
appears in an expression, we will always implicitly regard a; as a Z2-homogeneous 
element and automatically extend the relevant formulae by linearity (whenever 
applicable). For any superalgebra in this paper, the homomorphisms always mean 
even homomorphisms. 

2. Preliminaries 

In this section, we first list some endomorphisms of gl(m\n), which are used 
to describe the automorphism groups for classical simple Lie superalgebras in the 
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Section 3. We also list some properties of Cartan type Lie superalgcbras, which 
will be used to prove the Cartan type cases of the main theorem in the Section 4. 

2.1. Some endomorphisms of g[(m\n). 

Here we list some endomorphisms for the general linear Lie superalgebra 

(2.1) g[(m\n) := j ( £ ^ \ \A G M m , B G M m . n , C € M n>m , D G M r , 

where M p>q is the set of all p x q matrices and M p := M PtP . 

For any (X,Y) G SL m x SL n , define Ad(X,Y) G End gl(m\n) by 

^o^ aj/^^ f AB \ ( XAX- 1 XBY- 1 

This implies a group homomorphism Ad : SL m x SL n — > Autgl(m|n). That is, 

(2.3) 

Ad(Ai, Yi)Ad(A 2 , F 2 ) = Ad(X 1 X 2 ,Y 1 Y 2 ) for any {X U Y{), (X 2 , Y 2 ) G SL m x SL r , 

For any AgC x :=C\{0}, there is also an endomorphism defined by 

, n ^ , u ( A B \ ( A \B 

^ ■^■■{c d)*{\-ic d 

It is clear that 

(2.5) XAi)XA 2 )=.7(A 1 A 2 ) for any Ai, A 2 G C x . 

The supertransposition r is the endomorphism of gl(m\n) given by 

(or\ ( A B \ ^ ( -A* C l 

(2-6) r:^ c D ) ^ [ _ B t _ D t 

It satisfies that 

(2.7) r 2 =]{-!) and r 4 = 1. 

Furthermore, when m — n, there is another endomorphism -k of g[(n|n) given by 

,„„« ( A B\ ( D C 

(2-8) n:^ c D )*[ B A 

which satisfies that 

(2.9) 7T 2 = 1. 



a 



b 



At last, for any I , ) € SL 2l we define the endomorphism of g[(2|2) as 

follows, 
, oin . ( a b\ ( A B\ ( A aB + b^(C) 

where *(F) = ( ® * J F t ( _° * J . One can check that p:SL 2 ^ Autfll(2|2) 
is a group homomorphism. That is, 

(2.11) p(AB) = p(A)p(B) for any A,B e SL 2 . 

Moreover, we can check easily that for any (A, Y) G SL m x SL n and A G C x 

(2.12) Ad(A, Y)j(X) = j(A)Ad(A, Y), 

(2.13) Ad(A, Y)t = rAd((A t )- 1 , {Y 1 )- 1 ) 
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and 




(2.14) 


j(\)t = tj(\- 1 ). 


In the case of m = n, 




(2.15) 


Ad(X, Y)n = 7rAd(F, X 


(2.16) 


j(X)n = njiX- 1 ) 


and 




(2.17) 


TTT = TTTj(-l) = TTT . 



Finally if m = n = 2, then for any I , ) £ SL2, 

(2.18) Ad(X, Y)p( a c b d )=p[l a) Ad(X < Y) 

and 

<™> >(:<)•=" (t: 

2.2. Some properties for Cartan type Lie superalgebras. 

Let A(n) be the exterior algebra in n indcterminates $1,^2, • • • >£«• There are 
four simple Lie superalgebras consisting of its derivations, which are listing below: 

n fl 
(2.20) W{n):= ££f \ fjGA{n)} (n > 3); 

j=i ^ 

(2.21) %)-{E/iarl/jeA( n ), E^-°l ("^ 3 ); 

J=l ?J j=l ^ 

(2.22) ^^{(l-^'-yE^I 1 ^'^' ^§r =0} 

(n > 4 is an even number); 
and 

(2.23) # (n):={ £_|_ |/,-GA(n)} (n > 4). 

There is a natural Z-gradation W(n) = (|)?=-i W(ri)j via setting deg^ = 1 and 
deg^- = —1 for any % = 1,2, ...,n, which is called the principal gradation. It 
induces the Z2-gradation on W(n): 

(2.24) W(n) s := W(ri)j for s £ {0, 1}. 

j=s(mod 2) 

The Z2-gradation of S(n), S(n) and H (n) is inherited from W(n). Furthermore, 
the algebras S(n) and H(n) are Z-graded subalgebras of W(n). The subalgebra 
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S(n) is no longer Z-gradcd. But it has the following vector spaces direct sum 
decomposition in W{n): 

n-2 

(2.25) S(n) = Sin),, 

where S(n)-i — span{(l — £1 £2 •••£») §f:| i — l,...,n} and S(n)j = S(n)j for 

The 0-degree component of these superalgebras are Lie algebras. Precisely, 
W(n)o — fll( n ): S( n )o = S(n)o = sl(n) and H(n) = so(n). The other de- 
gree subspaces are all their irreducible modules. In particular, the (— l)-degree 
subspace is a nontrivial module. 

The following proposition, called the transitivity of W(n), S(n) and H(n), will 
be used in the Section 4. 

Proposition 2.1. (c.f. 7 ) Let g — W(n), S(n) or H(n). For any a e g, if 
[a, g_i] =0 then a 6 g_i . 



3. Proof of the Main Theorem for Classical Lie Superalgebras 

In this section, we hrst prove that <r| go = id for any Horn-Lie superalgebra struc- 
ture (g, a) on a classical Lie superalgebra g. Then thanks to the classification for 
classical simple Lie superalgebras due to Kac [12], we can prove the main theorem 
case by case. 

3.1. Horn-Lie algebra structure on Qq. The following lemma is clear by the 
definition. 

Lemma 3.1. 7/(g,cr) is a Horn-Lie superalgebra structure on the Lie superalgebra 
g, then (0o,<j\ Ba ) is a Horn-Lie algebra structure on the Lie algebra qq. 

Below is a theorem obtained directly by main results in [11] . It will be used to 
study the Horn-Lie superalgebra structures on a classical Lie superalgebra. 

Theorem 3.2. (Jin-Li 11 ) If q is a finite- dimensional semisimple Lie algebra and 
a is an automorphism of g, then (g,cr) is a Horn-Lie algebra if only if a = id. 

Proof. If g is a finite-dimensional Lie algebra with non-isomorphic simple sum- 
mands, then a = id by the Corollary 3.1 in pTj . 

When g has isomorphic simple summands, the Theorem 3.1 in |llj implies that 
for any non-trivial horn-Lie algebra (g, a) on g, the homomorphism a cannot be an 
automorphism because a projection homomorphism appears as its factor. □ 

Corollary 3.3. For any classical simple Lie superalgebra g, if (g, a) is a Horn-Lie 
superalgebra, then o~\ go = id. 

Proof. For any classical simple Lie superalgebra g, its even part gg is a semisimple 
Lie algebra. Thus the statement follows from Lemma 3.1 and Theorem 3.2. □ 
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3.2. Horn-Lie superalgebra structures on sl(m\n), (m,n > l,m^ n). 

The special linear Lie superalgebra sl(m|n) consists of those matrices I „ n ) G 

gl(m\n) such that tr^4 — tr_D = 0. 

It has been shown in [15l[8] that Autst(m|n) is generated by Ad(SL m x SL n ), 
j(C x )andr. 

If (sl(m\ri), cr) is a Horn-Lie superalgebra, then <x| s [( m i„) = id by Corollary 3.3, 

where sl(m|n)o consists of those matrices I _ n ) G sl(m\ri). So it should be 

that a = j(\) for some A G C x via (2.2)-(2.7) and (2.12)-(2.14). 

Below we always use e^j G gl(m\n) to denote the matrx whose (i, j)-th entry is 
1 and other entries are 0. Set x = ei iTO +i, y — e\, 2 and z = e 2 ,i in (|1.3|) . we have 
that X[x, [y, z]] — [x, [y, z]]. Thus it must be that A = 1 and hence a = j(l) = id. 

3.3. Horn-Lie superalgebra structure on ps((n|n), (n > 2). 

Recall that 

(3.1) psi(n\n) := sl(n\n)/{XI 2n \X G C}. 

The automorphism group Autpsl(n\n) is generated by Ad(SL n x SL n ), j(C x ), r 

andTr (c.f. nam). 

Also if (psl(n\n), a) is a Horn-Lie superalgebra, then a = j(A) for some A G C x 
via Corollary 3.3, and, (2.2)-(2.7) and (2.12)-(2.17). Thus by the arguments as the 
same as the case of sl(m\n), we have a = j(l) = id. 

3.4. Horn-Lie superalgebra structure on ps[(2|2). 

It was proved in [13 H] that Autps[(2|2) is generated by Ad(SL 2 x SL 2 ), p(SL 2 ) 
and 7r. 

Now if (psl(2|2),cr) is a Horn-Lie superalgebra, then a = p I , ) for some 

a h , J G SL 2 by Corollary 3.3, and, (2.2), (2.3), (2.8)-(2.11), (2.15), (2.18) and 

(2.19). 

Now, let x = e2,3, y = e.\,i and z = e 2 ,x, then a(x) — ae 2 ^ — ce^i, a(y) = y 
and a(z) = z. Thus [o{x], [y,z]] = [x, [y,z]]. This implies that a — 1 and c = 0. 
Similarly, one sets x = e^,^ 2l y = e3 : 4 and z — e&$, and shows that d — 1 and c = 
via [a-(x), [y,z]] = [x, [y,z]} again. 

3.5. Horn-Lie superalgebra structure on P(n — 1). 

The simple Lie superalgebra P(n— 1) is a subsuperalgebra of st(n|n), consisting 
of the matrices of the following form. 

(3.2) P(n-1) = ((^ B At \\Aesl n ,B = B t ,C=-C i 

There is a group homomorphism 

(3.3) Ad : SL n -> AutP(n - 1), X ^ Ad(X, (X 1 )- 1 ). 

Automorphism group AutP(n — 1) is generated by Ad(S'L„) and j(C x ). 

A plausible automorphism a with (P(n — l),cr) being a Horn-Lie superalgebra, 
should be that a = j(X) for some A G C x by Corollary 3.3, and, (2.2)-(2.5) and 
(2.12). 
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Let x = ei t i-e2,2-en+i,n+i + e n +2,n+2, V = ei,2 and z = ei, w +2 + e2,«+i. Then 
<y{x) — x, a(y) — y and <j{z) = Xz. One has A[[x, j/],z] = [x, j/],z] by cr-twisted 
Jacobi identity. Hence A[ei i2 , e\, n +2 + e2,n+i] = [ei,2, ei,n+2 + e 2 ,„+i]. This shows 
that A = 1, i.e. ct = id. 

3.6. Horn-Lie superalgebra structure on Q(n). 

First we denote Q(n — 1) is the subsuperalgebra of sl(n\n) given by 

(3.4) Q(n-1):={(£ J ) |trB = ° } ' 
The simple Lie superalgebra Q(n — 1) is the quotient 

(3.5) Q(n - 1) := Q(n - 1)/{A/ 2 „|A 6 C}. 

This simple Lie superalgebra is not invariant under the supertransposition r, but 
it is so under the g-supertransposition 

A B \ (A 1 CB l 

B A ) ^ I (B l A 1 



(3-6) a q . , i I - • I , ,,/ ./ 



where C is a fixed primitive 4-th root of unity. 
There is a group homomorphism 

(3.7) Ad:SL n ->AutQ(n-l), X ^ Ad(X,X). 

Automorphism group AutQ(n — 1) is generated by Ad(SL n ) and a q . We can 
check easily that 

(3.8) ^=X-1) and a\ = 1, 
and 

(3.9) a g Ad(A)=Ad((X*)- 1 )a g . 

Thus a plausible automorphism er with (P(n— 1), a) being a Horn-Lie superalge- 
bra is a = id or cr^ by Corollary 3.3, and, (2. 2), (2. 3), (3. 8) and (3.9). We can show 
that a = id by setting x = e 1<2 + e„+i,„ +2 , y = ei,i - e 2j2 + e„+i, n+ i - e„ +2i „ +2 
and 2 = e 2j „+i + e„+ 2i i in the cr-twisted Jacobi identity (|1.3[) . 



3.7. Horn-Lie superalgebra structure on osp(m\2n). Recall that the orthosym- 
plectic Lie superalgebra osp(m|2n) is the subsuperalgebra of sl(m\2n) defined by 

(3.10) osp(m\2n) := U j Bt D J \A Gso m ,B G M mt2n ,D € sp 2r 

where J„ = ( ^ ^ ^ 

When m is even, we take 7 m S O m such that det 7, n = — 1 and 7^, = /,„. 
The automorphism group Autosp(m|2n) is generated by Ad(SO m x S r p 2 „) if to 
is odd, and by Ad(S'O m x «Sp 2n ) and Ad(7 m ,/ 2n ) if to is even. 

Clearly, a = id if (osp(m|2n),<7) is a Hom-Lie superalgebra by Corollary 3.3. 

3.8. Hom-Lie superalgebra structure on G(3). 

For Lie superalgebra G(3), its even part G(3)g — G 2 ©s[ 2 and its automorphism 
group AutG(3) is generated by Ad(G 2 x SX 2 ). Hence a = id if (G(3),cr) is a 
Hom-Lie superalgebra by Corollary 3.3. 
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3.9. Horn-Lie superalgebra structure on F(4). 

For Lie superalgebra F(4), its even part F(4)g — S07©sl 2 and its automorphism 
group AutF(4) is generated by Ad(Spin 7 x SL 2 ). Hence a — id if (F(4),a) is a 
Horn-Lie superalgebra by Corollary 3.3. 

3.10. Horn-Lie superalgebra structure on D(2,l,a). 

For Lie superalgebra q = D(2, 1, a), its even part is gg — s b © sl 2 © sfe, and its 
odd part is 0i ~ V2 <S> Vi <8> V2, where V2 is the natural module of sl 2 . 

Fix cr G ©3 and A e C x . Define 0(ff, A) G GL(D{2, 1, a)) by 
(3.11) 
0(<r, A)((a;i,X2,x 3 ),(ui(8)U2<E>U3)) = ((#o-(i)>£o-(2)>»<t(3))> A(u ct(1 ) ©u ct ( 2 ) ©w ct (3)))- 

Thus, if a £ {1, -|, — 2} and a 3 ^ 1, AutD(2, l,a) is generated by Ad(SL 2 x SL 2 x 
SL 2 ); if a G {1,-^,-2}, AutD(2, l,a) is generated by Ad(SX 2 x SL 2 x SX 2 ) and 
0((1,2), 1); if a 3 = 1 and a ^ 1, AutD(2, l,a) is generated by Ad(5Z 2 X SX 2 x 
SX2) and 0((1,2,3)A), where A 2 = — . These show that the Horn-Lie superalgebra 
construct over D(2, 1, a) is trivial. 

4. Proof of the Main Theorem for Cartan Type Lie Superlagebras 

4.1. Horn-Lie superalgebra structure on W(n). 

Let x = -£-, y = ■£- and z — S.J-M-- Then [x,y] — [x,z] = if i ^ j, and 

[y,z] — ■£-. The a- twisted Jacobi identity implies that 

(4.1) [„(*>) °] =0 for any I. 

Since W(n) is transitive by proposition 2.1, we have cr(W(ri)-i) = W(n)-i. Set 
x = -£-, y = £s^- and z — £ p jJ-, where s^i and p ^ i. Then [x, y] — [x, z] = 

and [y,z] = ^, P 6^ ~ <^,g£p^§7- Hence [ct(x), [y, z]] = 0. We write c(^r) = 
Sfc=i °fc* af~- K follows that afei = if k ^ i, i.e. cr(-Mz) = a i^- f° r i = 1, • • • ,n. 

Now let x = &-£-, y — -£- and z = 6ctJ-, where k ^ j, I ^ i and k ^ i. Then 
[x,y] = [x, z] = 0. It implies that 

(4.2) [^ A), A] = for any ^z. 

For I = i, we have 

d d d d d d d 

(4.3) 0"(&^-)' "HF = [ CT (^^)' _ ^iT = ~ ak aF" = a fefe^F> -srl- 

<9& 9& <9£ fc 0& d^j dZj d& 

Thus 

(4.4) *&4 ) = ° fc6, 4' 

which also tells us that ai = a 2 = • • • = a„. It follows that <j|vK(n) = id- Then 
<Xk = 1 for k = 1, 2, . . . , n in (J4.4I) . Hence 

(4-5) 0"|vK(n)_! © W(n) = id- 

Set y £ W(n)_i and 2: £ W(«)o- By the cr-twisted Jacobi identity we have that 
(4.6) [^(x) — x i [y, z \\ — for any x £ W(n)i, 
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where I = 1, 2, . . . , n — 1. Thus <r(a:) — .x G W(n)_i by the transitivity of W(n). 
Finally, we set y E W(n)o and 6 W(n)o then get that a(x) — x, i.e. a = id. 

4.2. Horn-Lie superalgebra structure on S(n). 

Since 5(n)_i = W(n)_i and S(n) C W(n)o, and S , (n) = st( n )j we obtain that 

( 4 -7) °1s(n)_i©s(r0o = id- 

Note that S(n) is also transitive. Now the same argumentation as in the last 
paragraph of above subsection says that a = id. 

4.3. Horn-Lie superalgebra structure on S(n). 

In this subsection, we always set n{> 4) is an even integer. Denote A = 1 — 
£i • • • £„, and A t = & • • • &_i&+i ■ • • £„. Note that S(n) = ©™=_ x S(re)l where 
5(n)_i = span{A^-|i = 1, . . . ,n} and §(n)j = S(n)i for Z > 0. 

Let x = -4.^7) 2/ = A-S- and z = £, P -^-, where i ^ j and p ^ q. Then 

[x,y] = (-l)Mi4 + (" 1 ) J A'4' M = "W 4 ^" and ^> z ] = <W^- Thus 
(4.8) 

via the cr-twisted Jacobi identity. Now let p = j. We write a(A-S-) — ai + /3j where 
on e S(ri)-i and & S ;>1 S(n)i. Then the equation (|4.8[) becomes to be 

(4.9) [a, + A ^A] = [( _ 1)% _| + (-lyA^M^)}- 

Observe that [o*,^] € VK(n)„_ 2 and [(-1)%^ + (_i)iA,-^,a(&^)] £ 
W(n)„_ 2 - Thus [^,A^-] lies also in W(n) n _ 2 - But ft E ©7=i 2 £(n);. In these 
subspaces, the action of operator A-£- is just the same as -M-, which implies that 
{fa, -M-] — for q =£ j. These show that ft = 0, which follows that 

(4.10) ff (5(n)_i)=5(n)_i. 



/. 



Then 



Now let x — A-gr-, y = £sjnr an< 4 z = £p7F~i wnere s ^ i and p ^ 
[a;, y] = [x, z] = and [y, z] = <5 p ,t£ s g| <5«,s£p^- I* follows that 

(4-11) [^)-^'^4-^4 1=0 - 

It shows that 

(4.12) a (A—)= ai A— for t = l,...,n. 

Set a; = £%■£-, y = ^gf- and 2 = £fcgr> where k ^ j and k ^ i. It I ^ i, we have 
[x,y] = [x, z] = and [y, z] = A^-. Hence [cr(^^-), A^-] = via the cr-twisted 
Jacobi identity. If I — i, we have [a;, y] — 0, [y, z) = A-£- and [x, z] = —£,kj$-- This 
implies that 

(4.13) [crfeA^A] = [a(A A),-£ fe A] = -a^J" = a fc [e,A,AA]. 

d^j d£,i d£ fe d£j dQ d^ d& 
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Thus 

(4.14) [ CT (& ) _ 0fc f . A— ] = foranyj = l,...,n. 

Hence tr(^^-) = a^i-S-- Since S(n)o = st(n), we have that 

( 4A5 ) CT lsH_ 1 ©S(n) = id - 

Now let x G S(n)i for Z > 0. Then 
(4.16) [ a ( x )i [Vi Z W = [ x i [Vi z }] f° r V E <S'(n)_i and z G 5 f (n)o- 

Thus tr(x) — a; G S(n)_i. Since S(n)-i is an nontrivial irreducible module of 
S(n)o = sl(n), one shows that <r(a;) = x via setting y G 5(71)0 and z G S , (n)o- In a 
word, cr = id on the superalgebras S(n). 

4.4. Horn-Lie superalgebra structure on H(n). 

First, one notes that H(n)_\ = W(n)-i and H(ri)o — so(ri). 

Let x — j£-, y — J5I7 and 2; = £j-M — £'7F~j where i ^ j, i ^ I and j ^ L Then 



a 

a?, 



[a;, j/] = [x, 2] = and [y, z] — -£-. We obtain that 



d d d d 

for Z ^ 2. 



Now set Z = i, i.e. a; = ^-, y — ^J- and z = £j^|- — €iw~- We have that 



< 4 " 18 > ^ ) ' [ 4 ,6 4- €i 4 11 = - [a( 4 M 4' 6 4- 6 4 11 ' 

i.e. 

We write c(g§:) = cui + ft where Qj E H(n)-\ and ft G ® H(n)i. Moreover, ft 

!>1 
n 

can be written as ft = V* t#-t^- for i = 1, . . . , n. Thus 
fe-i 

(4 ' 20) ^WkWk'd^^^dtkWk'W^ 



This gives that 



{ dgi d d 1 r dgj d d 



Thus 

(4-22) [ft,A]=0. 

It implies that <r(/f(n)_i) = JT(n)_i. Moreover, let a; = ^-, y = £ s tJ £*g?"~ 

and z — £ P Qt ^qw~ w ^ tn s 't'P'Q ¥" "*■■ Then [cr(x), [y,z\] — 0. We write cr{wr) — 
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J2 a lk -^.Th.en 

k—l 



(4.23) 



d ,. , _ d d . „ ,^ d d . „ ,,_ d 9 . , ^ 9 d 



for 5, t,p,q ^ i- It shows that 

(4.24) cr( )= ai for * = 1,..., n. 

Let x = &^j - Ci^I' ?/ = ^7 and z = ^4l ~ &^7' Then 

(4.25) [^ ^ ) ] = fori^andt/j. 

Let x = &^- - 0^7> 2/ = gf; and z = 6^7 ~ Cigfj wit h s 7^ «■ Then 

(4.26) H«.,|-&4->.|-] = [*£). -fe^-ft^M 







= a s [£ 8 —- 








d 








r ff d 




for s ^ i. 


We also show that 






(4.27) 


, . d d d 


= k(&|--< 


^ } '4 ] **'*' 


Hence 









(4.28) [ate ^-^|-)-a.(6A_^) ) ^. ] = o forany fc = l,...,n. 

These tell us that a(H(n) ) = H(n)o. Thus er| ff („) = id. Since &(&■£- — £jS~) — 
a«te^- - £j^-)) we have a s = 1. Then 

( 4 - 29 ) ^Itf (n)-i © H(n) = id - 

For x E H(n)i, where Z > 0, we have 

(4.30) [a(x)-x,[y,z}]=0 

whenever y E H(n)—i and z E H(ti)q. This shows that c(x) — x E H(n)-i, and 
hence cr(x) — x = by setting j/, z E H(n)o. That is, er = id. 
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